We present a systematic analysis of the processes e + e − → e + e − X to study the polarised and unpolarised photon structure functions. The effect of target photon mass, which manifests itself as new singly polarised structure functions is studied. The physical interpretation of these structure functions in terms of hadronic components is given using the free field analysis. Assuming factorisation of the photon structure tensor, the relevant QCD corrections to the various structure functions are evaluated.
Introduction
The collision of photons at high energy electron-positron colliders is yet another comprehensive laboratory for testing Quantum Chromodynamics (QCD). The process e + e − → e + e − X (hadrons) (Fig. 1) , at very high energies can be studied in terms of the hadronic structure of the photon. This process is related to the photon-photon → hadrons subprocess. In the past theoretical aspects of this process have been studied by various authors [1] . Ahmed and Ross [2] had studied the photon structure function by considering the γ γ point scattering and used the Operator Production Expansion (OPE) to take the non perturbative effects into account. The behaviour of this process in the context of perturbative QCD was first studied using the OPE by Witten [3] , who showed that the unpolarised structure function F γ 2 increases as ln Q 2 , where Q 2 ≡ −q 2 and q is the momentum of the probing photon. A complete next to leading order QCD corrections to unpolarised structure function can be found in [4] . The phenomenological implications of this process in terms of single and double resolved photons were highlighted by Drees and Godbole [5] . In the recent past the polarised structure function has attracted a lot of attention [6, 7, 8, 9] . In [6] the OPE analysis has been extented to the polarised sector, while in [7, 8] the first moment of polarised structure function has been evaluated and found to be zero for a massless photons. The sensitivity of this sum rule due to the off shell nature of the target photon has been addressed in [9] .
Experimentally the process e + e − → e + e − X has been studied for over a decade, but much of the present interest is due to the recent experiments at LEP and TRISTAN. Both LEP [10] and TRISTAN [11] have recently reported three or more jets in the final state of γ γ → hadrons. This indicates the contribution from additional QCD subprocesses. LEP
[12] has measured the hadronic photon structure function F γ 2 and has observed significant point like components of the photon when the probe photon has Q 2 > 4 GeV 2 . TRISTAN
[13] has measured the inclusive cross section of jets in the γ γ interactions and reports that the jet rates show evidence for hard scattering effect of hadronic constituents of photon.
The differential cross section of e + e − → e + e − X process has a 1/k 2 pole due to the soft photon, where k is the momentum of the target photon. So the experiment will be sensitive to the off shell nature of the target photon. The off shell nature of the photon gives rise to zero polarisation which in turn induces additional structure functions to fully characterise the photon. Hence a comprehensive study of the photon structure functions at this stage including the QCD and the mass effects of the photons is much awaited. Future experimental prospects are also bright at the Next Linear Colliders (NLC) where high energy photon beams can be produced by back scattering a high intensity laser beam on a high energy e − beam [14] . In this process each electron in the bunch can Compton scatter to yield a nearly collinear beam of photons with a high fraction of e − beam energy. The advantage of the back scattered laser beam is that the photon luminosity is comparable to that of e + e − , unlike the beamstrahlung and equivalent photon processes.
In the process we have considered, the subprocess photon-photon → hadrons, a large offshell beam photon probes a target photon which is off shell. We treat the target photon as a composite object consisting of both hadronic and photonic components. In our analysis, we have treated the photon all most on par with the proton. This would imply that the probe photon would in fact see quarks and gluons (hadronic components) as well as photons in the off shell target photon which can be produced at higher orders. All the higher order effects that go into the productions of quarks, gluons and photons in the target photon are treated as a blob as shown in the Fig. 5 . Hence we are now in a position to utilise all the machinery that is used in the lepton-proton Deep Inelastic Scattering (DIS). Due to the off shell nature of the target photon, additional polarisation of the target gives rise to new structure functions to completely characterise the process. These new structure functions are the singly polarised structure functions. In the context of the photon, these new structure functions arising due to zero polarisation of the target photon (mass effect) are being considered for the first time.
To understand the structure functions in terms of the hadronic components we perform a free field analysis of this process. In doing so we arrive at various sum rules and relations among the various photon structure functions. These structure functions are related to the photonic matrix elements of some bilocal operators similar to those one comes across in DIS and Drell-Yan. We assume the factorisation of hard and soft parts in order to calculate the hadronic and photonic contributions to the cross section. Our approach is different from the previous analysis which usually uses the parton model picture or OPE.
and κ 2 = −k 2 respectively. The vector ǫ µ (k, λ) is the polarisation vector of the target photon with polarisation λ. The Björken variable with respect to the target positron is defined as x ≡ Q 2 /2ν, whereν = p 2 .q and that with respect to the target photon is y ≡ Q 2 /2ν, where
The photon structure tensor W γ µν (q, k, λ) is the imaginary part of the forward amplitude
, where Γ(k, λ) is the target photon which in our analysis is treated as a non perturbative object. The above cross section can be written in terms of the
where
Due to the presence of W γ µν (q, k, λ), the electron structure tensor W e µν (x, Q 2 , s 2 ) can at best be parametrised as spin 1/2 target in terms of vectors q, p 2 , s 2 , subject to the symmetries as
where the tensor coefficients are defined as
The photon structure tensor is defined as the Fourier transform of the commutator of em currents J µ (ξ) sandwiched between target photon states, as
where the subscript c denotes the connected part. This can be parametrised in a gauge invariant way in terms of the various structure functions using the general symmetry arguments viz., time reversal invariance, parity, hermiticity and current conservation as
where s µ is the spin vector of the target photon, R µ = (x/y) R µ and various tensors are defined as
Note that the photon tensor is manifestly gauge invariant. The additional four structure functions b 1−4 (y, Q 2 , κ 2 ) are due to the off-shell nature (λ = 0, scalar polarisation (k 2 < 0)) of the target photon. The tensor coefficients of these additional structure functions vanish when the photon polarisation is summed and survive when the target is polarised and the probe polarisation is summed and hence are called the singly polarised structure functions.
This singly polarised nature is characteristic property of a spin one target. In the context of photon structure function which are realised in a e + e − → e + e − X process, the singly polarised part does not manifest itself as in a spin target, but turns out to be a part of the unpolarised cross section. If the target photons are real (ǫ(λ = ±1)), the new singly polarised structure functions would have been absent.
Using the above parametrisation, the unpolarised cross section for e + e − → e + e − X is found to be
where C(λ) = 2 for λ = 0; −1 for λ = ±1. In the above equation, the first term in the curly bracket corresponds to unpolarised structure function and the second term to the singly polarised structure functions. The modified splitting functions (k 2 = 0) are given by
The first term is the usual Altarelli-Parisi splitting function arising from the splitting of e + into transverse photons (k 2 = 0). The additional term arises from the emission of zero polarised photon. The polarised cross section is given by
where C ′ (λ) = 0 for λ = 0; ±1 for λ = ±1 and the polarised splitting function is
The additional zero polarisation of the photon does not affect the polarised cross section.
Now the electron structure functions can be related to the photon structure functions by substituting the photon structure tensor eqn. (6) in eqn. (7, 8) and comparing it with the total cross section eqn. (3) after substituting eqn. (4). Hence we get
Note that the unpolarised electron structure functions are related to the singly polarised structure functions also. This extra contribution comes from the zero polarisation (massive nature) of the photon which is also reflected in the modified splitting functions. To leading order, in the limit ν → ∞ the unpolarised electron structure functions F
are modified by the single polarised structure functions b
tively. The contribution from other singly polarised structure functions are suppressed in this limit. The polarised structure function g e 1 (x, Q 2 ) on the other hand is uneffected. We evaluate these photon structure functions to various order in the coupling constant using the factorisation method.
In terms of the above relations we can compute the unpolarised and polarised cross sections and are given by
Now by substituting for the electron structure functions from eqn. (9-11) the n th moment of the above differential cross section can be related to the (n − 1) th moment of the photon structure functions. Our next task is to understand these new structure functions in terms of the parton distributions.
Free field analysis
One can understand the hadronic structure of these structure functions by using the free field analysis. In this analysis one assumes that the em current J µ to be made of free quark currents. The leading contribution to the commutator in eqn. (5) comes from the light cone region ξ 2 → 0. Noting that the commutator is proportional to the imaginary part of the time ordered product of currents and using the Wick's expansion, we get
where 6), we relate the structure functions to various scaling functions as given in Table 1 . A(y), B(y) and C(y) in the Table   1 are defined as
where A n , B n , C n are the expansion coefficients of local photon matrix elements given below k, ǫ * |O
k, ǫ * |O
Here A n , B n , C n are functions of lorentz invariants such as k 2 , s 2 etc. S denotes symmetrisation with respect to all indices. This is done to ensure only leading twist operators contribute.
The matrix element A n contributes to the unpolarised part, B n to singly polarised part and C n to the polarised part. From the Table 1 it is clear that both the unpolarised structure functions (F 
The physical interpretation of these structure functions can be given using the above free field analysis. This is done by substituting the current commutator eqn. (14) in eqn. (5) and performing only the dξ + and dξ ⊥ integrals, where
. The unpolarised structure functions can be extracted using the combination W µν = λ=0,±1 g λλ W µν (ǫ(λ)), polarised by ∆W µν = λ=0,±1 C ′ (λ)W µν (ǫ(λ)) and the singly polarised by δW µν = λ=0,±1 C(λ)W µν (ǫ(λ)). Note that the polarised and unpolarised combinations are the usual ones while the singly polarised combination is so chosen as to eliminate the unpolarised and polarised structure functions. Using appropriate projection operators for the various structure functions, we get
where the superscript + denotes the light cone variable, and the matrix elements in the above equations are defined as
The above structure functions can be interpreted in terms of the probability of finding a quark of helicity h in a target photon of helicity λ denoted by f q(h)/Γ(λ) . In terms of f a(h)/Γ(λ) the structure functions are of the form
QCD corrections: Factorisation method
Higher order corrections (both em and strong) are relevant to the study of γ * Γ → hadron cross section as the photonic corrections goes as ln Q 2 , while the QCD corrections turns out to be of leading order itself. Further experimentally more than two jet events have been reported recently [10, 11] . To go beyond the leading order we make use of the factorisation approach which is a generalisation of the free field analysis. This approach can be employed for the photon targets also as its proof does not depend on the target but depends only on the underlying theory. This ensures a systematic separation of hard and soft parts, i.e.
where the hard part H of the processes are perturbatively calculable and sum over a includes partons (quarks and gluons) and free photons. The 'soft' parts are defined as photon matrix elements of bilocal quark, gluon and photon operators as
where Λ ± = (1 ± γ 5 )/2. For ǫ(0) the γ 5 term would not be present in the above definitions.
, P denotes the path ordering of gauge fields.
The above definitions hold for the photon case also where in the SU(3) c group indices will be absent. The gauge invariant definitions of quark, gluon and photon distributions defined above have a probabilistic interpretations of finding a parton or photon inside the target photon. These matrix elements are in principle calculable but tedious, hence we dump all the higher order effects inside the matrix elements and treat these as theoretical inputs. This fact that they are calculable order by order is exploited in the evaluation of Hard Scattering
Coefficients (HSC).
The γ * Γ → X in different energy ranges can be classified as two and three jet events.
At low Q 2 (real photon), two jet events can be explained by the VDM as well as by two photon point interaction via quark loop (Fig. 2) . For the real photon replacing Γ = γ in the factorisation eqn. (21), the two jet point event is recovered. When the target photon is off mass shell and the energies are also increased, an additional two jet event (due to the hadronic structure of photon) as shown in Fig. 3a also contributes. This event can be distinguished from the previous one, as one of the jets is a spectator jet. This diagram can also get em corrections from the bremstrahlung diagrams, which would alter the P T of the processes. On the other hand a gluonic correction (Fig. 3b) gives rise to a three jet event.
Additional three jets events due to initial state photon and gluon (Fig. 5 ) also exists. We calculate the various contributions coming from these processes to the γ * Γ scattering using the above mentioned factorisation method.
The HSCs can be evaluated order by order using the factorisation formulae by replacing target photon by parton targets viz. quarks, gluons and real photons. We calculate the HSCs up to O (α 2 ) and O (αα s ). Let us first concentrate on the quark sector. The quark sector gets
and (Fig. 3b) . For the photonic corrections, we replace gluon lines by photon lines in Fig. 3b . From the factorisation formulae it is clear that the calculation of hard scattering coefficients involves the cross sections of the above mentioned processes as well as matrix elements given in eqns. (22,23), with target photon replaced by quarks to appropriate orders. The contributions to various structure functions are extracted using the appropriate projection operators P i µν . Defining W i = P i µν W µν γ * q and evaluating the bremstrahlung diagrams given in Fig. 3b , at large Q 2 , we get
is the coupling factor depending on gluon or photon bremstrahlung respectively and the subscript + denotes the '+ function' regularisation of the singularity as z → 1. For the photons m g will be replaced by m γ .
To avoid the mass singularity, we have kept the gauge bosons massive. If quark masses are also kept non zero, then there would be both logarithmic and power singularities as these masses go to zero simultaneously. If one of the prescriptions is chosen, say massive gauge boson prescription, the singularities boil down to logarithmic singularities with an additional constant part which depends on the prescription. In addition there are some mass singularities coming from the virtual diagrams which are exactly canceled by those which arise from regulating the bremstrahlung diagram in the limit z → 1 ('+ function'). We have considered the massive vector boson prescription which has not so far been considered in the literature while calculating the corrections to structure functions in general. It has been customary to consider the massive quark prescription or the dimensional regularisation method to deal with the infrared (IR) singularities.
For the structure functions F 22, 23) ). The contributing matrix elements are shown in Fig. 4 .
The Feynman rules for the eikonal lines and vertices are given in Ref. [15] . We regulate the ultraviolet (UV) divergences appearing in these diagrams using dimensional regularisation and keep gauge boson masses non zero to regulate the mass singularities. Here too there is a similar cancellation of mass singularities among the virtual and real diagrams, leaving a logarithmic singularity and a prescription dependent constant as given bellow
R and µ R is renormalisation scale. The superscript (1) in the above equations denotes that they are evaluated to order α or α s as the case may be. This equivalence among the polarised and unpolarised matrix elements does not hold if we keep the quark masses also non zero. Substituting the above matrix elements and cross sections eqn. (26) in the factorisation formulae for quark sector, we obtain
Note that the mass term in the logarithmic and the prescription dependent constant term cancel among the cross section W q (z, Q 2 ) and the matrix element f a/b (z, Q 2 ), leaving the HSC independent of gauge boson mass.
Next we will discuss the three jet event coming from the initial state photons and gluons. The contributing subprocesses are γ (Fig. 5) . To calculate the gluonic and photonic HSCs we need the matrix element (eqns. (24,25) ) between photon and gluon states respectively, in addition to the above g (z, Q 2 ) = 8αf c (2z 2 − 2z + 1) − ln Q the physical interpretation of these structure functions. In the process we have got relations among various structure functions. In addition we have also systematically computed various QCD and QED contributions to these structure functions using the factorisation method.
The differential cross section is found to grow as ln Q 2 while higher order QCD corrections are found to contribute to leading order. Interestingly, the first moment of g e 1 (x, Q 2 ) is found to be proportional to the first moment of f q/Γ (Q 2 , κ 2 ) which vanishes for real photons.
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